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E Competitive Math

(+ indicates difficulty level)

A "stair-step" figure is made of alternating
black and white squares in each row. Rows 1
through 4 are shown. All rows begin and end
with a white square. What is the number of
black squares in the 37th row is? (AMCS8)

This is an example of correctly identifying
the pattern. Let’s take a look at the number
of squares in each row. Each row has two
additional squares compared to previous
row except for the first row. We can write
the pattern as follows:

N=1+2(N-1)

In the 37" row, we have 1 +2(37 —1) = 73
squares. Now, to find the number of black
squares we can find from the figure that the
number of black squares is one more than
the previous row starting from 0 black
squares in row 1. Therefore, 37" row
should have 36 black squares. Differently,
we can see that the number of white
squares is always one more than the black
square. Hence number of black squares will
be (N -1)/2 where N is the number of
squares in the row. Since we have 73
squares in the 37" row, the number of
black squares will be (73 -1)/2=72/2 = 36.

X, Y, and Z can cut a lawn in 2 hours, 3 hours,
and 2 hours respectively. If X cuts the lawn for
% hour, and then Y cuts the same lawn for 1
hour, how much time will Z take to cut the
remaining lawn ? -

Let’s find the rate at which each of them work.
Rate at which X cuts the lawn is % per hour.
Similarly, for Y it is 1/3 per hour and for Z it is }
per hour.

Now, X starts cutting the lawn for %5 hour and
cuts % of the lawn. Y then cuts for 1 hour and
does 1/3 of the lawn.

Thus X and Y cuts a total of 4 + 1/3 = 7/12 of
the lawn.

Now, 5/12 of the lawn is left over. Time taken
by Z to finish cutting the remaining lawn will be
(5/12)/(1/2) = 5/6 hours or 50 minutes.

Through a point on the hypotenuse of a right
triangle, lines are drawn parallel to the legs of
the triangle so that the triangle is divided into
a square and two smaller right triangles. The
area of one of the two small right triangles is
m times the area of the square. Find the ratio
of the area of the other small right triangle to
the area of the square. (AMC 10) -

Let’s visualize the problem using the following
diagram.
A
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Area of the square is PQ”. Area of the triangle
APQiis (1/2)*PQ*AP. It is given that this area is
m times the area of the square.

(1/2)*PQ*AP = m*(PQ?)
PQ = AP/(2m)

Area of the other triangle QRC = (1/2)*RC*QR
= (1/2)*RC*[AP/(2m)], since QR = PQ.

Also, note that the angles AQP and QCR are the
same thus making the two triangles similar.
Therefore, (AP/QR) = (PQ/RC).

RC = (PQ*QR)/AP

Substituting this in the area of the triangle, we
have:

(1/2)*[(PQ*QR)/AP]*[AP/(2m)]

= (1/2)(PQ*QR)/(2m)

Since PQ*QR is the area of the square, the ratio
of the area of triangle to area of square is
1/(4m).

n,;
Problem of the month

Mady has an infinite number of balls and
empty boxes available to her. The empty
boxes, each capable of holding four balls, are
arranged in a row from left to right. At the first
step, she places a ball in the first box of the
row. At each subsequent step, she places a ball
in the first box of the row that still has room
for a ball and empties any previous boxes.
How many balls in total are in the boxes as a
result of Mady’s 2010th step?

Would you like submit your answer? Please
click on the following link:

https://spreadsh google.com/viewform?formkey=dHR6ek5BazVnRVM3d01nbG1fNVdybXc6MA

Names of everybody who submitted correct
answers will be published in the next edition!

g.o'g -
ji
MA Interested to know the solution for last

column’s problems? Refer to the end of this
document!

AN
! ‘ Special thanks to the following Math Column
contributors:

e  Poorva Gupta (POM Contributor)

For any questions or comments, please contact the
team at NSFMathColumn@gmail.com
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Answer to Problem of the month (Vol 1-
12)

2401/4901 or 48.99%
Solution (Source: AoPS):

In order for the sum (x + y) to be even, we know
that either both x and y are even or both x and
y are odd. In the set of numbers from 1 through
99, we have 50 odd numbers {1,3,5,...,99} and
49 even numbers {2,4,6,...,98}.

In order to find the probability, we have to
know the total possible outcomes. In our case, a
pair (x, y) such that both x and y are odd can be
selected in 49x49 = 2401 ways. Similarly, a pair
(x, y) such that both x and y are even can be
selected in 50x50 = 2500 ways. Therefore, total
possible outcomes = 2401 + 2500 = 4901.

Next, we need to find the number of favorable
outcomes. In our case, favorable outcomes are
the pairs where the units digits of x and y add
up to a number less than 10.

In case where both x and y are odd, then
possible units digits are 1, 3, 5, 7, 9. So, possible
sums that result in a value less than 10 are
{(1,1), (1,3), (1,5), (1,7), (3,2), (3,3), (3,5), (5,1),
(5,3), (7,1)}. It is also clear that for each of the
units digits identified above there are 10
different numbers to choose. For example, {1,
11, 21, 31, 41, 51, 61, 71, 81, 91} all have units
digit of 1. Also, we have 10x10 = 100 possible
pairs of (x, y) for the units digit of 1. Hence, in
total there are 10x10x10 = 1000 possible pairs
where both numbers in the pair are odd.

Let’s look at the case where both x and y are
even. Possible values for units digits are 0, 2, 4,
6, 8 and possible pairs such that sum is less than
10 are {{0,0), (0,2), (0,4), (0,6), (0,8), (2,0), (2,2),
(2,4), (2,6), (4,0), (4,2), (4,4), (6,0), (6,2), (8,0)}.
For the pair (0,0) there are 9x9 = 81

possibilities. Every pair where one of the
number end with a 0 we have 9 choices for
number ending in 0 and 10 choices for number
ending on other even digits. Since there are 8
such pairs, we have a total of 8x9x10 = 720
possibilities. For all other pairs, we 10 choices
for both numbers and since there are 6 such
pairs, we have 6x10x10 = 600 possibilities.
Hence total number of possibilities for pairs of
even numbers is 81 + 720 + 600 = 1401.
Therefore, number of favorable outcomes =
1000 + 1401 = 2401.

Probability = # of favorable outcomes/# of total
outcomes = 2401/4901 or 48.99%.
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